On the 3-point functions of Aging Dynamics and the AdS/CFT Correspondence 
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Aging can be realized as a sub-algebra of Schrodinger algebra by discarding the time-translation 
generator. While the 2-point functions of the Age algebra have been known for some time, lit- 
tle else was known about the higher n-point correlators. In this letter we present novel 3-point 
correlators of scalar primary operators. We find that the Aging correlators are distinct from the 
Schrodinger correlators by more than certain dressings with time-dependent factors, as was the case 
with 2-point functions. In the existing literature, the holographic geometry of Aging is obtained by 
performing certain general coordinate transformations on the holographic dual of the Schrodinger 
theory. Consequently, the Aging 2-point functions derived from holography look as the Schrodinger 
2-point functions dressed by time-dependent factors. However, since the 3-point functions obtained 
in this letter are not merely dressed Schrodinger correlators and instead depend on an additional 
time-translation breaking variable, we conclude that the most general holographic realization of 
Aging is yet to be found. We also comment on various extensions of the Schrodinger and Aging 
Algebras. 
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A remarkable example of "non-equilibrium criticality" 
is represented by the phenomenon of aging Such 
"non-equilibrium criticality" can be observed in a fer- 
omagnetic spin system (an Ising model) prepared in a 
high-temperature state which after being quenched to a 
temperature at or below its critical temperature is left to 
evolve freely. It is observed that the size of the clusters of 
ordered spins (which form and grow) is time-dependent 
and scales as time to some power, the inverse of which 
defines the dynamical exponent. In addition, the 2-point 
correlation functions in such systems depend on both time 
values (and not only on the their difference, as it is the 
case in other critical phenomena which do not break time- 
translation) [l|, 01 ■ The essential physics of aging (which 
is crucially a non-stationary process) jlj has been recently 
discussed in the context of the AdS/CFT duality 0, 
In this letter we clearly distinguish between aging realized 
as "dressed" Schrodinger dynamics from pure aging. In 
particular we explicitly demonstrate this difference at the 
level of the 3-point function. Our novel results regarding 
the 3-point function should be of practical importance 
in both real and numerical experiments involving aging 
dynamics [ij. 

Let us begin by reviewing the current understanding 
of holographic aging [H H, 1^. The Schrodinger group is 
the group of symmetries of the free Schrodinger equation 
(2iMdt -t- V'^)ips{t-,x) = 0. The Age (or Aging) group is 
the same as the Schrodinger group, minus the time trans- 
lation. To break time-translation invariance, but main- 
tain scale invariance, a simple modification can be made 
to the previous equation by adding a time-dependent po- 
tential v{t) [H, so that {2M[idt - v{t)] + V^)(pA{t,x) = 
0. (For a general discussion regarding the breaking of 
time-translation invariance, consult [iJ.) However, v{t) 
needs to transform the same way as dt and V^, so 



v{t) = k/t, where k is an arbitrary constant. The field 
transformation which maps these two equations into each 
other is given by ipA{t, x) — exp(— i J^^ dTv{T))ips{t, x) — 
{t/to)~'^''ips{t,x). If one considers operators with a cer- 
tain mass M, then OAit,x) = (t/to)~'''^Os{t, x). This 
leads straightforwardly to a relationship between the Age 
and Schrodinger n-point correlators: G^^\ti,Xi; Aii) — 

Yli^it~^''^'G^g\t,Xi;Mi) where the Iq dependence 
cancels due to the Bargmann selection rule J^i = 0- 
The holographic dual of a system which is invariant 
under the realization of Age algebra using the above trick 
(and which takes into account the singularity at t = in 
v{t) = k/t) was constructed in [4]. The relevant Age 
metric ds\ [J| reads as: 



ds'ji — dz^H —dzdt—^ 



1 dt^-2dtd^+dx' 

fit J 

(1) 

(This geometry is locally Schrodinger, but its global 
structure is not.) Then it is easy to check that 
<i>A{t,i,x,z) = $s(i,C+ ^ln^,x,2) obeys the equa- 
tion of motion U^a = in the Age metric if $s obeys 
the equation of motion □$5 = in the Schrodinger back- 
ground 



ds c = ^ f dz"^ - ^dt^ - 2dt d^ + dx^ 



^2 



(2) 



(This can be extended for fields of arbitrary spin.) 
In terms of the boundary field values $s, the bulk 
Schrodinger field can be written as 



<fs{t,^,x,z) gs{t-t',^-e,x-x',z)^s{t',e,S'), 

(3) 
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which, after applying the above map becomes 
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x|.^(i',e'-^h.^,f'), (4) 
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where Zb is the value of z at the regularized boundary 
{zb <C 1). Here Gsit — t',^ — ^',x — x\z) denotes the 
boundary-to-bulk propagator of a field in the Schrodinger 
background. Fourier-transforming along the ^ direction, 
we find 



^A{t,x,z;M) 



exp lAi —r- I In ■ 



In 



I3t' 
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xfo(t - t', X - f, z; A/)l>^(i', x'; M). 

(5) 



This enables us to reconstruct, with relative ease, the 
holographic answer for the correlators of primary opera- 
tors with respect to the Age algebra from those derived 
using the Schrodinger background holography Q . For 
example, the 3-point function of a scalar operator is 



Z^l,2,3 



(6) 

assuming that the scalar source, 0(A^), has a cubic cou- 
pling in the bulk: Sgrav = /( h^K(j)^{t,X,Z]M) + . . .). 

By using the Bargmann superselection rule Mi ~ 
(which in this holographic context is simply the momen- 
tum conservation along the direction parametrized by 
^) the 3-point function is reduced to the previous form. 
To get the Age correlator one performs a DLCQ projec- 
tion along ^ followed by a functional differentiation with 
respect to the boundary fields. This guarantees that the 
Age correlators differ from the Schrodinger correlators 
only by time-dependent phase factors, if the tensor in- 
dices are in the x directions, as in the case of scalar op- 
erators. 

One of the main points of this letter is that this real- 
ization of aging does not capture the most general aging 
dynamics and that what has been described above is just 
a particular realization of the Schrodinger dynamics! In 
what follows we clearly distinguish between this special 
case and the most general aging dynamics. 

For simplicity, let us consider a l-|-l-dimensional the- 
ory with coordinates t,r. We use ^ to denote the Fourier 
variable conjugate to the mass of a certain primary 
operator. In the notation of [H, 0], the Schrodinger and 
Age algebras are respectively spanned by the generators 

{x_i,Xo,Xi,Mo,ri,y_i} and {Xo, Xi, Mq, n , Y_ i }, 

which obey the following commutation relations 

[X„, Xn'] = (n- n')Xn+n' , [Xn, Y,n] = (f - m)Yn+m 
[Xn ,M,,,]^- n'Mn+n' , [Ym ,Y^'] = (m ~ m')M,n+m' ■ 

(7) 



The most general realization of these generators (which 
is apparently new) is 



X-i 

Xo 
Xi 

Y_i 



-tdt - \rdr - # + g{t) + h{t)idi^ 



= -rdt - trdr - At 



t{g{t) + -i) + t{h{t) + 5)id^ 
—dr-Yi = —tdr + ird^,Mo — id^ 



'MAS) 



where g(t),h{t) are arbitrary time-dependent functions 
and 7, 5 are arbitrary constants. In arriving at (jS]) we 
have kept the form of the generators Mq and of the spatial 
translation Y_i and generalized Galilean-invariance Yi 
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unchanged. This general realization is central for the new 
results presented in what follows. 

Next we solve the partial differential constraints im- 
posed on the 3-point functions (namely that they are left 
invariant by the Age generators). The conclusion is that 
the most general scalar 3-point function is 



GA({i.,r„6})= (nir)exp(^ pdT^) 



X{t3-ti) 2 



— 9 A31.2+73 



:{t2-ti)-2^^'''+''^'''eA{ui,U2,U3 



tz{t2-ti) 
t2{tz-ti) 



)(9) 



where 731,2 =73+71-72 etc and A3i,2 
A2 etc. Here 9a(mi,U2,M3, \%IZ\% 
strained function of: 



Ai 



IS some uncon- 



t2-t. 



t3-t2 

ts-h 



+2{S2 - Si) Ht2 - ii) + 2(<5i + S2) In 
-2(52 lnt2 +2(5i Inii, 



t3-ti 



h'-t2 
t2-tl 



+2{S3 ~ Si) ln(t3 - ti) + 2{Si + S3) In 
-2S3 \nt3 + 2Si Inii, 

h - h Jt2 ^ 



+2(<53 - ^2) Ht3 - t2) + 2(^2 + S3) In 
-2S3 \nt3 + 2S2ln.t2. 



t2-ti 



(10) 



For the Schrodinger 3-point correlator we find a similar 
expression, but without the dependence on the additional 
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variable \'fr'A - 



i=l 
1 



x{t2~h)-h^''''+''''''es{ui,U2,U3). (11) 



Note that despite the presence of the time-dependent 
prefactors this correlator is time-translation invariant. In 
fact, it is easy to check that a redefinition of the primary 
fields of the Schrodinger algebra, effected by factoring 
out appropriate time-dependent functions, gives the cor- 
relators of the type (fTTj) . However, this redefinition does 
not change the fact that X_iGs({ti, r^, ^i}) = 0. The 
fundamental difference between Age and Schrodinger 3- 
point functions lies in the dependence of the former on 

t3(*2-tl) 
t2(f3-tl) ■ 

At this stage we pause to note that the analysis per- 
formed at the beginning of this letter regarding the form 
of the Age correlators was too restrictive. Since the time- 
dependent potential is introduced by a simple redefinition 
of the fields, (ps{t,x) = exp(i / dTv{T))(pA{t,x), the rel- 
evant symmetry group is still the full Schrodinger and 
not the Age group. One of the consequences of this ob- 
servation is that the holographic realization of Aging ([T]) 
is equally restrictive, and thus, the most general holo- 
graphic Age background is yet to be found. This is fur- 
ther evidenced by the fact that the 3-point correlators 
implied by the holographic Age metric ([T]) are dressed 
Schrodinger correlators (i.e. they are "fake" Age corre- 
lators), whereas the ones in ^ are not. 

For completeness, we also present the 3-point correla- 
tors of the scalar fields in terms of their masses: 
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X(t3 — ^^■^-^^32, 1+732, l-(Xl5)32,l 



X exp 



2{t2-h) 



(12) 



Here {MS)3i_2 = M363 + MiSi - M252, and w = 

For the Schrodinger^ 3- 
point correlators one obtains an expression similar 
to (jl2p . but with an unconstrained function Qs — 
es{M2,M3,w). 



We mention in passing that there are extensions of 
both Age and Schrodinger algebras which involve the ad- 
dition of new generators that ensure the closure of the 
respective algebras. For example, provided that (5 = in 
dS]), we may add to both algebras N = —tdt+^d^+g{t) — 
Y+[h{t) + J* dr + S']id^ . The non-zero commutators 
that involve N are [N,X±i] = tX±i, [N,Mo] = -Mo, 
[iV, Yi] — —Yi. In this case the scalar 3-point function 
of this extension of Age algebra is given by 



3 / 3 



X exp 



x(i3 



X exp 



xw 2 



i=l ^1=1 

^ /%r^ill^^:llMl)Vt3_^,)-^A3..2+73.. 

1—1 ^ 
1 1 

^A32, 1+732,1 2'^21,3+721,3 



M2{r2 - _ M3{r3-rif 
2(t2-ti) 2[t3-h) 



(Ai+A2+A3)+7i+72+73+2 



xQa{wM2,wM3 



t3{t2-tl). 
t2{t3-tl)' 



(13) 



For the Schrodinger algebra extended by iV, we encounter 
again an expression similar to (jl3p but with an uncon- 
strained function Qs = 0s(wA^2, wA^a). Yet another 
closed subalgebra extension of Age is obtained by adding 
both N and V+, where V+ = -2trdt - 2£_rd^ - {r^ + 
2iCt)dr - 2Ar + 2r{g{t) + 7), and where h{t) 0, 5 = 
in and 5' = 0,7' = 7 in the expression for N. 
On the other hand, adding both N and Vj^ to the 
Schrodinger algebra and requiring its closure [S], leads 
to the full 1-f 2-dimensional conformal algebra in a space 
parametrized by i, r, ^ coordinates. The generators take 
the form given by (jH]), the expressions for N and V+, 
with 5 = 0,h{t) = 0,7' = 7,(5' — 0, supplemented by 
V- = -idr + irdt - f{g{t) ~ 7) and 

W = -ed, - ^rdr + ^r^dt - AC + 27^ - '^'^dit)^' , 

(14) 

The familiar scalar 3-point function is dressed by time- 
dependent factors which originate in a particular realiza- 
tion of the generators allowing for non-zero 7 and g{t): 

Ge({t„r„ej)= (ni7-)exp(^ pdT^) 

^ 1=1-' ^ 

-,^^9^^21,3+721,3 ,^—9^31.2+731,2 „— 9 A32. 1+732,1 _n 

X^21 ^31 ^32 -(15) 

Here Ari2, etc. are the Lorentz invariant intervals Ari2 = 
— 21(^2 — ^1) (C2 —Ci) + (''2 —?'i)^, etc. However, we want to 
stress that the time-dependent factors in ([T5|) once again 
do not signal any breaking of time-translation invariance, 
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and can be obtained by redefining the primary operators 
of the type we have encountered earher in this letter. 

Finally, we would like to comment on the holographic 
realization of the Age algebra in terms of metric isome- 
trics of a l-|-3-dimensional space. The holographic dual 
space is parametrized by coordinates: t, r, ^ and the 
holographic coordinate z. The main observation is that 
once one identifies the Killing vectors K = K^-^^^ obey- 
ing the Age algebra, one can reverse engineer the metric 
by solving the Killing vector equations for the compo- 
nents of the metric, i.e. {gpvd^j.+ gp^d„)KP -f KPdpg^i, = 
0. It is natural to assume that Y_i and Mn are bulk 
Killing vectors. If one makes the additional assumption 
that Yi, given by is a bulk Killing vector then the 
problem becomes quite tractable. The bulk forms of the 
Killing vectors and Xi are X^ = —tdt+XQd^ — ^rdr+ 
X§d, and Xi = -t'^dt + X^d^ - trdr + Xfd,, where 
= = MfsrJ and 



82 



X, 



- dz{grrS) ~ tdtgrr-dzS + tdtSd;,gr 



2td^g, 

+2tTd^grr + 2tCid^grr 



+tdtSd,grr + 2tTd,g, 



Z^dzgrr — 2grrdzS — Sdzgrr — tOtgrrdzS 



(16) 



Here grr — grr{t,z),S ~ S{t,z),T — T{t) and Ci is 
an arbitrary constant. Solving the Killing vector equa- 
tions corresponding to Y_i and Mq leads to a metric 
which is ^, r- independent. Furthermore, solving the Yi 
Killing equations brings the metric to a form which co- 
incides with the initial ansatz of fi^: ds^ = gttit, z)dt^ + 
grr{t, z)dr'^ +gzz{t, z)dz'^ — 2igrr(t, z)dtd^ + 2gtz{t, z)dtdz. 
The other components of the metric are determined by 
the remaning Killing equations: gzz — '-^^^^'/'•'•^ and 



following bulk extension of X_i 
dtgr 



-^-1 = dt 



2C-2 



dzQrr 

s 



dz 



2^2 



dtS + 2T + 4Ci dtgrrdzS 

2tdzgrr 



2t 



(18) 

Thus the isometrics of the above metric generate the full 
Schrodinger algebra, as in Naturally the correlators 
computed from this metric using holography exhibit the 
kind of "fake" aging discussed earlier, and are constrained 
by the full Schrodinger algebra. For the time being we 
can only trace this feature to the assumption made re- 
garding the bulk realization of Yi. (This assumption 
was also made in I4i].) Relaxing this condition makes the 
problem of identifying the holographic metric of Aging 
much more complicated. We leave this question for our 
future work. 

In conclusion, in this letter we have clearly pointed 
out the difference between the aging dynamics realized 
as "dressed" Schrodinger dynamics from pure aging. In 
particular we have obtained the 3-point functions for ag- 
ing which cannot be obtained by "dressing" the 3-point 
Schrodinger correlators. The physical implications of our 
new results are yet to be understood. Nevertheless, it is 
reasonable to expect that these results will have practical 
importance in the real and numerical experiments of ag- 
ing dynamics [H and that they should be generalizable to 
the relativistic context, with possible applications to the 
physics of the quark-gluon plasma. We plan to address 
these issues in our future work. 
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dzS C2dzgrrdt{t^ 9rr ) , /-t 

gtz = — 1 h Cidzgr 

gtt — C^g^j. 



t'^grr 
2„ \\2 



C2{dt{t'grr)) 



^^grr 

2Cidt{t^g„) grri2tT -S + tdtS) 



i2 



t2 



(17) 



where C2,C^ are additional integration constants. We 
stress that this metric is the most general solution of the 
reverse-engineering procedure, given the confines of the 
initial assumption that Yi becomes a bulk Killing vector 
while remaining unchanged. However, we cannot claim 
that we have identified the holographic dual of a general 
theory possessing the full symmetry of the Age algebra. 
The reason for this is that we are able to identify one 
more Killing vector of the metric compatible with the 
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